NON-NORMAL AFFINE MONOIDS 
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Abstract. We give a geometrie description of the set of holes in a non-normal 
affine monoid Q and show how this relates to various properties of Q like lo- 
cai normality and Serre's conditions (Ri) and (52)- A combinatorial upper 
bound for the depth the monoid algebra k[Q] is obtained. Moreover, we show 
the vanishing and non-vanishing of certain graded components of the locai 
cohomology of k[Q]. We then apply our rcsults to simplicial and to seminor- 
mal affine monoids. Finally, we prove a special case of the Eisenbud-Goto 
conjecture. 



1. Introduction 

Let Q be an affine monoid, i.e. a finitely generateci submonoid of Z N for some 
N e N. Further, let Q denote the normalization of Q. In this paper, we give 
a geometrie description of the set of "holes" Q \ Q in Q and relate it to several 
properties of Q. Our main result in this direction is the following. 

Theorem (Theorem 3.8). Let Q be an affine monoid. There exists a (non-dìsjoint) 
decomposition 

i 

(1) Q\Q=\J{q i +ZF i )nR+Q 

i=l 

with qi G Q and faces Fi of Q. If the union is irredundant (meaning that no qi+1Fi 
can be omitted), then the decomposition is unique. 

We cali a set qi + Zi 7 !; appearing in (1) an j-* dimensionai family of holes, where 
j is the *dimension of F (See Section 2 for the definition of the *dimension). There 
is an algebraic interpretation of the sets appearing in (1). Let k be a field and k[Q] 
be the monoid algebra of Q. Then the faces appearing in (1) correspond to the 
associated primes of the quotient k[Q]/k[Q\. The same face may appear several 
times in (1), in fact, the number of times a face appears equals the multiplicity of 
the corresponding prime. 

In [1, Prop. 2.35] a different decomposition of the holes is considered. It is shown 
there that one can always find a decomposition of Q \ Q into a disjoint union of 
translates of faces of Q: 

i 

(2) Q\Q=\Jqi+Fi 

i=l 
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(b) Our decomposition 



Figure 1 . Diffcrcnt decomposition of the holes of a 2-dimensional 
affine semigroup 



In fact, this statement and its proof have been the motivation for proving Theorem 3.8 
Figure I shows an example of both kinds of decomposition. The decomposition 
given in (2) is disjoint, but far from being unique. On the other hand, our decom- 
position is (in general) not disjoint, but it is unique. Moreover, it behaves nicely 
under localization, see Proposition 3.10. Several ring-theoretic properties of the 
monoid algebra k[Q) can be described in terms of the families of holes: 

Theorem (Theorem 4.3). Let Q be an affine monoid of *dìmension d. The fol- 
lowing holds: 

• If d > 2, then *depthfc[Q] — 1 ìf and only ìf there is a Q-* dimensionai 
family of holes. 

• Q is locally normal if and only if there is no family of holes of positive 
*dìmension. 

• k[Q] satisfies Serre's conditìon (Ri) if and only if there is no family of holes 
of *dimension d — 1 . 

• k[Q] satisfies Serre's condition (S2) if and only if every family of holes has 
*dìmension d — 1 . 

Note that this implies that if Q is locally normal (very ampie), but not normal, 
then *depthfc[Q] = 1. We generalize the first item of the preceding theorem to 
obtain an upper bound on the *depth of k[Q): 

Theorem (Theorem 4.4). If Q has an i-* dimensionai family of holes, then the 
*depth of k[Q] is at most i + 1. 

This theorem states that a non-normal affine monoid with "few" holes has a low 
*depth. This is somewhat counterintuitive, because Hochster's Theorem states that 
the absence of holes, i.e. normality, implies maximal *depth. In small examples, it 
is often not difficult to deformine the bound given by this theorem geometrically. 
This can be easier than to compute the actual *depth algebraically. In general, the 
*depth may be strictly smaller than the bound given by Theorem 4.4. However, 
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in Proposition 4.5, Proposition 6.2 and Proposition 6.11 we identify some special 
cases where equality holds. See Example 4.7 for an application. 

In the second part of this paper, we consider the locai cohomology i?^(fc[Q]) at 
the maximal graded ideal m. Recali that for an element q G — intQ, it holds that 
H Ì(k[Q])g = k and H m( k [QÌ)q = for ali other %. So this part of H l m {k[Q\) is well 
understood. It turns out that the remaining graded components are closely related 
to the families of holes of Q. 

Theorem (Theorem 5.3). Consider q G ZQ such that q <£ -intQ. If W+ 1 (k[Q\) q ^ 
for some ì, then q is contained in a family of holes of *dimension at least i. 

There is also a partial converse of the preceding result. 

Corollary (Corollary 5.5). Every i-* dimensionai family of holes contains an ele- 
ment q G ZQ, such that H^ 1 (k[Q]) q = k. If i > 0, then there are in fact infinitely 
many such elements (even up to units). 

Note that this result extends Theorem 4.4. We will also give restrictions on cer- 
tain infinite parts of the locai cohomology of k[Q] in Lemma 5.6. See Example 5.7 
for an example of the geometrie meaning of these results. 

In Section 6, we apply our results to simplicial and seminormal affine monoids. 
For simplicial affine monoids, the characterization of the Cohen-Macaulay property 
of [6] is extended to the non-positive case. For seminormal affine monoids, we give a 
new proof of the cohomological characterization of seminormality of [3] . While our 
proof is not actually simpler than the originai one, we believe that it offers a new, 
more geometrie perspective. Moreover, we extend this and some other results of 
] to the non-positive case. Further, a simplicial seminormal affine monoid whose 
*depth depends on the characteristic of the field is constructed. 

In the last section, some additional results are listed. We give a direct proof that 
out criterion for Serre's condition (S2) is equivalent to the one given in [11, 20]. Fur- 
ther, an interpretation of greatest size of a family of holes is given. Finally, we give 
a bound on the Castelnuovo-Mumford regularity of seminormal homogeneous affine 
monoids and prove a special case of the Eisenbud-Goto conjecture (Theorem 7.5). 

2. Preliminaries and notation 

An affine monoid Q is a finitcly gencrated submonoid of the additive monoid Z N 
for an N G N. Equivalently, Q is a commutative, finitely generated, cancellative 
and torsionfree monoid. For general information about affine monoids see [ ] or 
[13]. We denote the group generated by Q by ZQ, the convex cone generated by Q 
by R + Q C R N and the normalization by Q = ZQ n R+Q. Recali that an element 
q G ZQ is contained in Q if and only if a multiple of q lies in Q. A face F C Q of 
Q is a subset such that for a,b £ Q the following holds: 

a + b e F a,b G F 

A unit is an element in u G Q, such that —u G Q. The set of units forms a face Fq 
that is contained in every other face of Q. We cali Q positive if is the only unit in 
Q. For every element q £ Q, there exists a unique minimal face F containing q. We 
say that q is an interior point of F and write int F for the set of interior points of 
F. Note that by definition G int Fq. The dimension of a face F is the rank of the 
free abelian group ZF generated by F . Since we are working with not-necessarily 
positive affine monoids, it is more convenient to consider a normalized version of 
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the dimension. So we define the *dimension as *dimQ := dimQ — *dimi*b, and 
Mimi 71 := dimf 1 — dimFo for every face F of Q. For a field k, we write k[Q] for 
the monoid algebra of Q. Further, for an element q E Q, we write x q E k[Q] for the 
corresponding monomial. For a face F we define pp Q k[Q] to be the vector space 
generated by those monomials x 9 such that q E Q \ F. Thcn pp is a monomiai 
prime ideal of k[Q] and ali monomiai prime ideals are of this type. Moreover, 
k[Q]/pF — k[F]. k[Q] carries a naturai ZQ-grading. With respect to this grading, 
the homogeneous ideals k[Q] are exactly the monomiai ideals. Thus the ideal pF 
associated to the minimal face is the unique maximal graded ideal of k[Q\. We 
will sometimes write m for this ideal. Its height equals the maximal length on an 
descending chain of faces of Q, so (fc[Q],m) is a *local ring of *dimension *dimQ. 
More general, the height of pF equals *dimF for every face F. The *depth of k[Q] 
is the maximal length of a regular sequence in m. Equivalently, it is the depth of 
the (inhomogeneous) localization fc[Q] m . For a face F of Q, we denote by 

Qf :={«- f\qeQ,f £F} 

the localization of Q at F. It holds that k[Qp] — fc[Q]( PF ), whcre the later is the 
homogeneous localization of k[Q] at pp. Further, it holds that (Q)f = (Qf), i-c. 
localization and normalization commutes. Note that localizations are almost never 
positive. 

A set M is called a Q-module if there is an operation Q x M — »■ M (additively 
written) of Q on M, such that (q + p) + m = q + (p + m) and + m = m for 
q,p E Q,m E M. If M is a Q-module, then the vector space k{M} with basis 
given by the elements of M is naturally a fc[<5]-module. If M C ZQ, then we define 
the localization Mp ■— { m — f \ m E m, f E F } of M at a face F. One may also 
consider the localization for general modulcs, but we only need this special case. 
Note that if U C M C ZQ are modules, then k{M F }/k{U F } = k{M}/k{U} {pF y 

For a graded fc[Q]-modulc N (in the algebraic sense), the support ofN, suppiV, is 
defined to be the set of those q E ZQ, such that there exists an element of degree q in 
N. If M is a Q-module and U C M a submodule, then supp k{M} /k{U} = M\U. 

Defìnition 2.1. Let Q be an affine monoid. We cali Q locally normal if every 
localization Qp at a face F ^ F is normal. 

Since localizations of normal affine monoids are again normal, it is enough to 
consider faces of *dimension 1. For a polytope P C R^ -1 with integer vertices, 
one often considers the polytopal affine monoid Qp C Z N generated by the set 
{ (p, 1) | p E P n Z N ~ X }. In this case, Qp is locally normal if and only if the poly- 
tope P is very ampie. To see this, note that the localization of Qp at a vertex (v, 1) 
splits into a direct sum of the corner cone on v and a copy of Z. Thus, Qp is locally 
normal if and only if ali the corner cones of P are normal, which is the defìnition 
of very ampleness. It is known that P is very ampie if and only if there are only 
finitely many holes in Qp. The corresponding statement in the general case is the 
following: 

Proposition 2.2. An affine monoid is locally normal if and only if 

rank fe[ p o] k[Q]/k[Q] < oo 
for any field k. This rank does not depend on the field. 
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Recali that the face Fq consists of the units of Q, so this lemma amoimts to 
saying that there are only finitcly many holes up to units. Every graded modulo 
over k[Fo] is free (cf. [7, Theorem 1.1.4]), so the rank is well-defined. We will not 
use this lemma in the sequel, so we omit the proof. 

3. The module of holes 

In this section, we describe the structure of the set of holes Q\Q. Following an 
idea from [ , p. 139], we consider a more general situation. Let M be a finitely 
generated Q-submodule of ZQ and let U C M be a submodule of M. We are 
intcrcstcd in the structure of the difference M \ U. Clearly, in the case M — Q and 
U = Q this corresponds to the holes Q\Q. While for our purpose it would actually 
suffice to consider this case, we believe that the additional generality makes the 
exposition more clear. Another case of potential interest is N — Q and U C Q a 
submodule. This corresponds to a monomiai ideal in k[Q]. As noted above, the set 
M\U can be encoded as the support of the quotient k{M}/k{U}. The following 
simple observation is the key idea: Consider an m £ M \ U and a q 6 Q. Let x m 
and x 9 denote the corresponding monomials in k{M}/k{U} resp. in k[Q\. Then 

q + meU ^ x q x m = . 

Now let F be a face of Q. It holds that m G Mp, because M C Mp. However, 
m G Up if and only if x m goes to zero in the localization of the quotient k{M}/k{U} 
at pF. This is the case if and only if the annihilator of x m is not contained in pp, 
i.e. if there is a q G F such that q + rn G U . Consider the case that m £ Uf 
and F is maximal with this property. By this we mean that m G Uq for ali faces 
G 3 F. Because pQ C p F , this is equivalent to pp being a minimal prime over the 
annihilator of x m . We summarize what we have proven: 

Lemma 3.1. Let F be a face of Q, m G M \U and x m be the corresponding 
monomiai in k{M}/k{U}. Then F + m C M \U if and only if pF contains the 
annihilator of x™ 1 . Moreover, F is a maximal face with this property if and only if 
pp is a minimal prime of the annihilator of x m 

In view of our objective to find an irredundant decomposition of the set M\U, it 
seems naturai to take the largest possible pieces. Therefore, we consider the family 
of sets 

J-"(M) = { IF + m C ZQ \m £ M \ U, pi?isa minimal prime over Ann x m } . 

These sets will yield the desired decomposition. Note that for m,n G M \ U with 
m — n e ZF, it holds that pF is a minimal prime over Annx m if and only if it 
is minimal over Annx™. So we are free in choosing representatives of the sets in 
F(M). 

We first show that their union comprises ali of M \ U: 
Lemma 3.2. It holds that 

(3) M\U= [j S n M 

Proof. Every monomiai x m G k{M}/k{U} has at least one minimal prime over its 
annihilator, so the left-hand side of (3) is clearly contained in the right-hand side. 
On the other hand, consider n G ZF + m fi M for ZF + m G J-(M), There exist 
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fi, fi in F such that fi + m= fo + n. It follows that n £ U, because F + m C M\U 
by Lemma 3.1, and hence n G M \ U. □ 

Next, we consider the behaviour of F(M) under localization. 

Lemma 3.3. Let F C G be faces of Q and let m G ZQ. Then ZG + m G ^(M) if 
and only ifZG + m € J-(M F ). 

Proof. If m e Mf \ C/p, then there exists an / e F such that f + m G M \ U 
and, since i* 1 C G, it holds that ZG + m = ZG + f + m. So we can assume that 
m G M \ U . In this case, ZG + m € J-'(M) if and only if pc is minimal over the 
annihilator of x m e k{M}/k{U}. But this property is preserved under localization 
with p F D pc- Hence the claim follows. □ 

Using the preceding lemma, we prove the hniteness of our decomposition: 

Lemma 3.4. For every face F of Q, the number of sets of the forni ZF + m G 
J~(M) equals the multiplicìty ofpF on k{M}/k{U}. In particular, J-(M) is finite. 
Moreover, a face F appears in T{M) if and only if pp is an associated prime of 
k{M}/k{U}. 

Proof. The multiplicìty of pF in k{M}/k{U} can be dehned as the length of the 
module 

N := H° p (k{M F }/k{U F }) = span fc { x m e k{M F }/k{U F } | p F x m = for n > } , 

see [4, p. 102]. Note that the multiplicìty is invariant under localization at F. By 
Lemma 3.3, the same holds for the number of sets of the form IF + m G F(M). 
So we may assume that F is the minimal face of Q. 

Since N is a module of finite length (in the graded sense), we may consider a 
composition series of N, i.e. a hltration C Ni C N2 C • • • C A^ r = N of graded 
modules, such that each quotient N/N-i is a simple graded module. 

We claim that supp N is the union of the sets IF + m G F{M) (for our fixed 
F). Indeed, m € M \ U is contained in supp N if and only if the annihilator of 
x m is pF-primary. Since p F is the maximal graded ideal of k[Q], this is equivalent 
to saying that p F is a minimal prime over the annihilator of x m . Now, for every 
Zi* 1 + m G J-(M), there exists an i with m G suppA'i \suppiVj_i. But this implies 
that 7jF + m = supp Nj \suppiVj_i, because A^/iVj-i is simple. Thus, the number 
of sets of the form ZF+m in T(M) equals the length r of the composition series. □ 

We now turn to proving the irredundancy and the uniqueness of (3). First, we 
give a variant of the well-known fact that a vector space over an infinite field cannot 
be written as a union of finitely many subspaces. 

Lemma 3.5. Let V be a vector space over Q and C QV be a convex cone (i.e. a 
subset such that for v,w G C and A, fi > it follows Xv + fiw G C). If C contains a 
generating set ofV, then it is not contained in any finite union of proper subspaces 
ofV. 

Proof. Assume to the contrary that the cone G is contained in the union of finitely 
many proper subspaces Vi,..., Vi of V. We may further assume that none of the 
subspaces is contained in the union of the others and that every Vi has a non- 
empty intersection with G. We have certainly at least two subspaces, because G 
contains a generating set of V. Hence we can choose elements xi,x 2 G G, such that 
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xì G Vi \ Uj^i Vj ioi i = 1,2. For every i > 2 there exists at most one A G Q with 
Acci + a; 2 G Vi. Indeed, if we had Xxi + Xi 6 Vj and A'xi + x 2 £ Vi for two different 
A, A' e Q, then (A — A')xi e Vj, a contradiction to our choice of x\. Since there are 
infinitcly many non-negative rational numbers and it holds Aa;i + x 2 G G for every 
such A > 0, we conclude that there exists a A G Q such that Xxi + x 2 G V\. But 
now X2 = (Xx\ + X2) — Xx\ G Vi, a contradiction. □ 

Next we prepare a discrete analogue of the preceding lemma. 

Lemma 3.6. Let q,pi, ■ ■ ■ ,pi G ZQ be lattice points and let F, Gì, . . . , Gì be (not 
necessarily distinti) faces of Q. If F + q is contained in the union {J i ZGì + p L , 
then it is already contained in one of the sets ZGì + pi . 

Note that this Lemma does not hold for arbitrary subgroups of Z N , for example 
Z = 2Z U (2Z + 1). 

Proof. We may assume that F + q has a non-empty intersection with every ZGj +Pi 
for 1 < i < l. If F C Gì for any i, then F + q C ZF + g' C ZG t + g' = ZG; +^ for 
g' G F + g n ZG,; + pi. Thus in this case our claim holds. We will show that there 
exists always an i such that F C Gì. 

So, assume to the contrary that F £ Gì for every i. As a notation, for a subset 
5 C Q w , we write QS for the Q-subspace generated by S. Then, Q(ZFnZGi) C 
for every i. Indeed, it holds that Q{ZF n ZG^) CQFfl QG, C QF. The second 
inclusion is strict except in the case that QF C QGj. But this would imply that 
FCG„ because F = QFnQ and G l = QG, nQ. Note that this is the point where 
we use that we deal with faces of an affine monoid. 

By Lemma 3.5, we can find an element p in the cone generated by F that is not 
contained in any Q(ZF n ZG;). By multiplication with a positive scalar, we can 
assume p G F. For every non- negative integer A, it holds that Ap + gGF + gG 
y^ JLGi + pi. Since the union is finite, there exists an index i and two different 
integers A, A' G Z such that Xp + q, X'p + q G ZG; + pi. But now it follows that 
(A — X')p G ZF n TLGi and thus p G Q(ZF n ZG^), a contradiction to our choice of 
p. □ 

Now we are ready to prove that our decomposition is in fact irredundant and unique. 

Lemma 3.7. Consider a finite decomposition 

M\U = [j(ZG i + m i )nM 

i 

of M \ U with nii G M \ U and faces Gì of Q. Then every set in F(M) appears in 
this decomposition. Thus, (3) defines the unique irredundant finite decomposition 
ofM\U. 

Proof. Let m G M\U and F a face of Q such that ZF+m G T(M). By Lemma 3.6, 
there exists an index i such that F + m C ZG; + m<. In particular, ZGì + m — 
ZGi + mi. Hence F C ZGì and therefore F C ZG, H Q = Gì. On the other 
hand, by Lemma 3.1, F is a maximal face of Q such that F + m C M\U. But 
Gj + mC ZGì + mnl/CM\[/,sowe conclude that G» = F. Whence ZF + m = 
ZGj + m,. □ 
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We summarize what we have proven in this section in the following theorem. 

Theorem 3.8. Let Q be an affine monoìd, let M C 7LQ be a module and let 

U C M be a submodule. Then there exìsts a unique irredundant finite (non-disjoint) 
decompositìon 

(4) M\U = {J(ZFi + mi)nM. 

i 

The number of tìmes F appears in (4) equals the multìplìcity ofpF on k{M }/k{U}. 
In particular, a face F appears in (4) if and only if pp is an associated prime of 
k{M}/k{U}. Geometrically, a set ILFi + m, appears in (4) if and only if Fi is a 
maximal face such that Fi + mi C M \ U. 

From now on, we specialize our discussioni to the case M = Q and U = Q. Let us cali 
a set ZF + m appearing in (4) a j-dimensional family of holes, where j = *dimF. 
For the ease of reference, cali a face F associated to Q if pp is an associated prime 
of fe[Q]/fe[Q]. The following is immediate: 

Corollary 3.9. Q has a j-* dimensionai family of holes if and only if there is a 
j-* dimensionai associated face ofQ. 

We get a description of the holes of the localization Qf from Lemma 3.3: 

Proposition 3.10. Let F be a face ofQ. The families of holes o/Qf are exactly 
those families of holes ZG + q of Q which satisfy F C G. In particular, Qp is 
normal if and only if no associated face contains F. 

4. Special configurations of holes 

In this section, we show various ring-theoretical properties of k[Q] correspond 
to special conhgurations of the holes in Q. We start by establishing the connection 
between the *depth and the module of holes: 

Proposition 4.1. Assume that Q is not normal. Then 

*depthfc[Q] = 1 + *depth k[Q]/k[Q] 

Proof. The idea is to consider the short exact sequence 

— > k[Q] — > k[Q] — ► k[Q]/k[Q] — > 

of fc[Q]-modules. We will prove that k[Q] is Cohen-Macaulay as a fc[Q]-module. 
This implies our claim by the depth lemma, [ , Prop. 1.2.9]. 

Every system of parameters x = x%, . . . , Xg, of k[Q] is also a system of parameters 
of k[Q] (as a module over itself). This follows from the graded analogue of [2, 
Theorem A8]. Since k[Q] is Cohen-Macaulay by Hochster's Theorem[l, Thm. 6.12], 
x is a regular sequence for k[Q]. But this property depends only on the action of 
x on k[Q], and thus x is also a fc[Q]-regular sequence for k[Q) as an fc[Q]-modulc. 
Hence k[Q] is Cohen-Macaulay as a fc[Q]-module. □ 

Note that if *dcpthfc[Q] < *dimfc[Q], then by the previous proof depth k[Q] m > 
dimfc[Q] m as a fc[Q] m -module. Thus, by the Auslander-Buchsbaum Formula, its 
projective dimension is infinite. We recali the definition of Serre's conditions. 

Defìnition 4.2. Let R be a Noetherian ring. 



NON-NORMAL AFFINE MONOIDS 



9 



(1) R satisfies Serre 's conditìon (Ri), if Rp is a regular locai ring for ali p 6 
Spec R of height at most 1 . 

(2) R satisfies Serre's conditìon (S2), if depthiìp > min(2, dimiìp) for ali p e 
Speci?. 

If R is graded, then for both propertics it is enough to consider homogeneous 
localizations at homogeneous prime ideals. For (Sa), this follows from [ , Corollary 
1.2.4] and for (Ri) it was shown in [21, Proposition 2.1]. 

Theorem 4.3. Let Q he an affine monoid of *dìmensìon d. The following holds: 

• If d > 2, then *depth/c[<5] — 1 if and only if there is a 0-* 'dimensionai 
family of holes. 

• Q is locally normal if and only if there is no family of holes of positive 
*dimension. 

• k[Q] satisfies Serre's conditìon (Ri) if and only if there is no family of holes 
of *dimension d — 1 . 

• k[Q] satisfies Serre's conditìon (S2) if and only if every family of holes has 
*dimension d — 1 . 

Proof. We start by proving the criterion for *depthfc[Q] = 1. By Proposition 4.1, 
it holds that *depthfc[Q] = 1 if and only if *depth k[Q]/k[Q] — 0, which in turn 
holds if and only if the maximal monomiai ideal is an associated prime of fc[Q]/fc[Q]. 
Since the maximal monomiai ideal corresponds to the minimal face Fq of Q, the 
claim follows from Corollary 3.9. 

Next, we prove the criterion for locai normality. Recali that k[Q] is locally normal 
if its localizations at ali l-*dimensional faces are normal. By Proposition 3.10, this 
is clearly equivalent to the statement that there are no families of holes of positive 
*dimension. 

To prove the criterion for Serre's conditìon (Ri), note k[Q] satisfies Ri if and 
only if k[Qp] is regular for every facet F. On the other hand, by Proposition 3.10, 
Qf is normal for every facet if and only if there is no (d — l)-dimensional family of 
holes. Every regular ring is normal, so one implication is clear. Since *dimQF = 1, 
it remains to show that l-*dimensional normal monoid algebras are regular. But 
every l-*dimensional normal monoid is isomorphic to Z m © N for some to G N, so 
the corresponding algebra is indeed regular. 

Finally, we prove the criterion for Serre's conditìon (S^)- By above discussimi 
and Proposition 3.10, it holds for any face F of Q that *depth /c[Qf] = 1 if and 
only if F is associated to Q. On the other hand, it holds that *dimk[Qp] = 1 if 
and only if F is a facet of Q. Therefore, Serre's conditìon (S2) is satisfied if and 
only if every associated face of Q is a facet. □ 

Note that the preceding theorem implies that Q is normal if and only if it satisfies 
(Ri) and (82)- Serre's Theorem ([2, Theorem 2.2.22] states that this holds for 
general Noetherian rings. Further, if *dimQ > 2, then Q is normal if and only if 
it is locally normal and *depthfc[Q] > 2. It follows from Serre's Theorem that this 
statement also holds for general Noetherian rings. 

The first part of the preceding Theorem can be generalized to an upper bound 
on the *depth: 

Theorem 4.4. If Q has an i-* dimensionai family of holes, then the *depth of k[Q] 
is at most i + 1 . 
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Proof. By Proposition 4.1 we can consider the *depth of fc[Q]/fc[Q]. By Theorem 3.8 
the families of holes of Q correspond to the associated primes of fc[Q]/fc[Q]. Now 
the claim follows from the general fact that *depth k [Q] / k [Q] < *dimfc[Q]/p for 
every p e Ass k[Q]/k[Q], see [2, Prop 1.2.13]. □ 

We identify a special case where equality holds: 

Proposition 4.5. IfQ\Q = q + F for an element q 6 Q\Q and a face F of Q, 
then *depth/c[Q] = 1 + *dimF. 

Note that it is not sufficient to require that there is only one family of holes, see 
Examplc 5.7. Before we can prove Proposition 4.5, we prepare another Lemma: 

Lemma 4.6. Let q E Q and F a face of Q, such that F + q C Q \ Q. Then 
F + qCQ\Q. 

Proof. Assume the contrary, so there exists an element / G F such that f + q e Q. 
We can write / = f t - f 2 with f u f 2 e F. But / + f 2 + q = h + q e Q \ Q by 
assumption, a contradiction. □ 

Proof of Proposition 4-5. By Lemma 3.1, our hypothesis is equivalent to the state- 
ment that the module fc[Q]//c[Q] is cyclic with annihilator pp. Hence k[Q]/k[Q] = 
k[Q]/pF — k[F] (The isomorphism shifts the grading). Next, recali that the *depth 
of a module M over a ring R equals its *depth over R/ AnnM. Together with 
Proposition 4.1 this yields 

*depth fc[Q] k[Q] = 1 + *depth fe[F] k[F] . 

Now we use Lemma 4.6 to conclude that Q\Q = F + q C F + q C Q\Q, so F = F. 
Hence k[F] is normal and the result follows from Hochster's Theorem. □ 

We give an example how one can effectively compute the *depth using Proposition 4.5. 

Example 4.7. Let G be a graph with vertex set V and edge set E. We associate an 
affine monoid to G, the toric edge ring k[G], introduced in [15]. This is the monoid 
algebra to the monoid generated by the vectors e; + e, e Z #y , where {i,j } is an 
edge of G and e*, denotes unit vectors indexed by the vertices of G. 

For positive k £ N consider the graph Gk+a in Figure 2. In [9] the *depth of the 
edge ring of this family of graphs is computed. We will show that these edge rings 
satisfy the assumption of Proposition 4.5, and thus give an alternative computation 
of the *depth. 

First, it is known that k[Q) is generated as a fc[Q]-module by X1X2X3X4X5X6, i.e. 
the monomiai corresponding to the vector q G Q C R k+e which assigns 1 to the 
vertices 1, . . . , 6. If we add one of the "middle" edges, e.g. {3,8}, to q, then it is 
easy to see that the result lies in Q. On the other hand, if we add any combination 
of edges from the triangles to q, then the result will always be in Q \ Q. To see this, 
note that the sum over the vertices of each triangle is always odd. This implies that 
Q \Q = F + q, where F is the face spanned by the six edges in the triangles. The 
dimension of F is 6, so by Proposition 4.5 it follows that depth k[Q] = 1 + 6 = 7. 

We generalize this computation to show that every toric edge ring can be realized 
as a combinatorial pure subring of a toric edge ring of *depth at most 7. The 
construction is as follows: To a given graph G, add two triangles on six (in total) 
new vertices. Then connect every vertex of G with every new vertex. Obviously, the 
toric edge ring of G is a combinatorial pure subring of the edge ring of this bigger 
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6 + fc 

Figure 2. The graph Gk+e 

graph, because G is an induced subgraph of the later. Then it is not difficult to see 
that the face spanned by the six edges in the triangles is associated. Its dimension 
is six, so the *depth of the ring is at most seven. In [9] it was conjectured that 
every toric edge ring has a *depth of at least seven. So we consider it as likely that 
the toric edge ring we constructed has a *depth of exactly seven. 

5. LOCAL COHOMOLOGY 

In this section, we consider the locai cohomology of the monoid algebra k[Q] with 
support at the maximal graded ideal m := pp . We have already computed the sup- 
port of the zeroth locai cohomology of k[Q]/k[Q] in the proof of Lemma 3.4. Using 
the short exact sequence in the proof of Proposition 4.1, we obtain the following. 

Proposition 5.1. The support of H^(k[Q]) equals the union of the Q-* dimensionai 
families of holes. 

To extend this observation to higher dimensions we use the Ishida complex[ll]. 
This is the complex 

15 Q : -> k[Q] -> k[Q F ] -> k[Q F ] -»• ► k[Q F ] -> k[ZQ] -> 

where Ti denotes the set of i-* dimensionai faces of Q. The maps are given by 
Si : fc[Qj?] B x 9 i->- J2gdf e (-^> G)yfl via the canonical inclusion fe[Qj?] — > k[Qa] for 
F C G, and e(F, G) is an appropriate sign function. The modules k[Q] and k[ZQ] 
sit in cohomological degree resp. d. See [13, Section 13.3] for the exact definition. 

Theorem 5.2 (Thm. 13.24, [ '>]). The locai cohomology of any k[Q]-module M 
supported by m is the cohomology of the Ishida complex tensored with M: 

W m {M) = H\M®V Q ) 

Note that the last map in 15q is never surjective in degrees q € — hit Q, so for 
this q it holds that H^(k[Q]) q — k and /f^(fc[Q])q = for i < d. For this reason 
we restrict to q ^ — int Q in the following theorem. 

Theorem 5.3. Consider q E ZQ such that q £ -intQ. If H^+ 1 (k[Q]) q ^ for 
some i, then q is contained in a family of holes of * dimension at least i. 

Proof. The idea is to compare the Ishida complexes for Q and its normalization Q. 
Let us write Oq^ := ©fg.FìMQf] for the z-th module in the complex. Consider 
q e 1Q such that q £ — int Q and H'^(k[Q]) q ^ for some i. It is well-known that 



12 



LUKAS KATTHÀN 



Hm{k[Q]) q — for any i, see [2, Theorem 6.3.4]. Let x £ 15q,ì be a representative of 
the cohomology class H^(k[Q]) q . Then clearly x £ ker<5.;. Because Vq,ì Q 15q 



_ Q,i> 

lies also in the kernel of the corresponding map in Uq. But Hf n (k[Q)) q = 0, so there 
exists a preimage y £ Uq i x of x. This element is of the forni y = x 9 J^FeT-i ^f^f 
where Xf £ k and ep is the generator of the k[Q F ]-part of 13-q 

By assumption, y is not contained in 13q^-\. Therefore, there exists a face 
F £ Ti-\ such that q £ Q F but q fi Qp. Thus we can find an / £ F such that 
q + f £ Q\Q and further q + f + F C Q\Q. By Lemma 3.6, this implies that 
there is a family of holes qj + ZFj containing q + f + F. Hcncc q £ qj + IFj and 
*dim F 3 > *dim F = i - 1. □ 

In general, the locai cohomology of k[Q] can be quite complicated. However, we 
can single out some parts that admit a simple description. First, we further evaluate 
the description of the locai cohomology given by the Ishida complex. Following [13, 
Section 12.2], we construct a polytope V by intersecting the cone M+Q with a 
suitable affine subspace perpendicular to the lineality space M.Fq. Then the face 
lattice of V is isomorphic to the face lattice of Q. For q £ ZQ we set V(g) := 
{ F | q £ Qp } of faces of Q. This set is a cocomplex, i.e. it is closed under going 
up in the face lattice of Q. Turning the poset of faces of V(g) upside down, we 
get a subcomplex V(g) v of the face lattice of the polar polytope P v . Because 
V(<?) corresponds to the part of 15q in degree q, we can reinterpret this part as an 
(augmented) polyhedral chain complex for V(g) v , while reversing the cohomological 
degrees. So the reduced homology of the polyhedral celi complex V(g) v gives us 
the locai cohomology of k[Q] ([13, p. 258]): 

(5) i^(fc[Q]) g = i^- 4 -i(V(g) v ,fc) 

Here, d = *dimQ = dimV + 1. Using this formula, we can explicitly compute a 
part of the locai cohomology of k[Q): 

Proposition 5.4. Let Q be an affine monoid and let 1F +p be an %-* dimensionai 
family of holes. Let q £ ZF + p an element that lies beyond every facet G not 
containing F. By this we mean that <Jg{q) < 0; where uq is the supporting linear 
form of G. Then 

k ifj = i+l, 
otherwise. 



Hl(k[Q}) 



Proof. We will prove that V(q) = {G\ G D F}. Thus V(q) v is the boundary 
complex of the face F corresponding to F in the polar polytope V v . This is a 
sphere of dimension dim_F — 1 = dimV — 1 — ( *dimi 7 ' — 1) — X = d — 2 — i. So by 
(5) it follows 



Hi(k[Q]) q = H d ^(S 



d-2- 



ìf j = Ì + 1 

otherwise. 



To compute V(g), we first consider a face G that does not contain F. For such a 
G we can find a facet G' D G that does not contain F. By our assumption, q lies 
beyond G' and hence q £ Qc- Thus q £ Qq and therefore G £ V(g). Next, by our 
choice of q, it holds that q £ Q F \ Qp. In particular F fi V(g). Moreover, q £ Q G 
for every G D F, because Q G D Q F . It remains to show that q £ Qg for every 
G 3 F. So assume for the contrary that q £ Q G \ Qg for such a G. We can add an 
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Figure 3. The example of Trung and Hoa 

element / from the far interior of F to get q + f e Qq \ Qg H Q. But this implies 
G + q + f C Q\Q, which contradicts our choice q G ZF + p, by Theorem 3.8. □ 

Note that this gives another proof of Theorem 4.4. 

Corollary 5.5. Every i- * dimensionai family of holes contains an element q e ZQ, 
such that (k[Q]) q — k. If i > 0, then there are in fact infinitely many such 
elements (even up to units). 

Proof. Let ZF + p be a family of holes and let q' e int F. For every facet G ^ F 
it holds that crG{q') > 0. Hence, p — ma' satisfies the hypothesis of Proposition 5.4 
for every sufficiently large m 6 N. This yields infinitely many non-vanishing graded 
components of H^' 1 (k[Q]). If i > 0, then F ^ F Q and thus q' £ F Q . So these 
components are fc[fo]-linearly independcnt. □ 

For later use, we give a criterion for the vanishing of certain parts of the locai 
cohomology. 

Lemma 5.6. Let q\, q%, . . . be a sequence of elements in ZQ such that FF m (k[Q]) qj = 
H'! m (k[Q]) qi for every j . Assume further that there is a facet F of Q such that 
cr F (q/) < a F (q 3 +i) for every j. Then H l m {k[Q]) qj = for every j. 

Proof. Assume to the contrary that H^(k\Qj\) q . ^ 0. Consider the submodules 
Ui C Hl(k[Q]) generated by H l m (k[Q]) qj , j > l. Clearly Hi+i C Hi. By our 
hypothesis, ap(qi) < o~F(lj) for every j > l. Therefore qi is not contained in the 
Q-submodule of ZQ generated by the qj for j > l. This implies that Hi+i C T-Li, so 
we get an infinite descending chain of submodules. This contradicts the fact that 
H l m {k[Q\) is Artinian, cf. [12] 1 □ 

We give an example to demonstrate the geometrie meaning of the results in this 
section. 




The result is stated for the locai case only, but the proof works also in the graded case. 
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Example 5.7. Consider the affine monoici Q C 1? generateci by (0, 0, 1), (1, 0, 1), 
(0,2,1), (1,2,1), (0,3,1) and (1,3,1). It is shown in the left part of Figure 3. 
The holes of Q forni a "wall" parallel to the xz-plane. Thus Q satisfies (S2 ) by 
Theorem 4.3. Moreover, the locai cohomology of k[Q] can only appear in the degrees 
of this wall. The right part of Figure 3 shows this wall and the intersections with 
the facet defining hyperplanes. In each region, V(.) and thus H^(k[Q]) is Constant. 
In the shaded unbounded region pointing downwards, we have H^(k[Q]) =^ by 
Proposition 5.4. AH other unbounded regions do not support locai cohomology by 
Lemma 5.6 (just take the points 011 any ray reaching outwards). So the only part 
of the locai cohomology that is not classified so far is the lattice point q in the small 
shaded triangle. In fact, one may compute directly that dinifc H^(k[Q]) q = 1. This 
example is taken from [20], it is an affine semigroup satisfying (S2) without being 
Cohen-Macaulay. 

6. Applications 

We apply our methods to simplicial and seminormal affine monoid. 

6.1. Simplicial affine monoids. An affine monoid Q is called simplicial if its face 
lattice is isomorphic to the face lattice of a simplex. Equivalently, one can write 
the cone R>o as a direct product of its linearity space and a pointed cone over a 
polytope V . Then Q is simplicial if this polytope is a simplex. Note that we do 
not require Q to be positive. In this, we deviate from the terminology of [1]. A 
wcll-known result by Goto, Suzuki and Watanabe[ ] states that if Q is simplicial, 
positive and satisfies Serre's condition (S2), then k[Q] is Cohen-Macaulay. We give 
a proof of this without the positivity assumption using our description of Serre's 
condition (S2). 

Proposition 6.1. Let Q be a simplicial affine monoid. If Q satisfies Serre's con- 
dition (S2), then k[Q] is Cohen-Macaulay. 

We also identify another case where the upper bound on the *depth given in 
Proposition 4.1 is tight. 

Proposition 6.2. Let Q be a simplicial affine monoid. If the families of holes 
of Q are pairwise disjoint, then the *depth of k[Q] equals one plus the smallest 
*dimension of a family of holes. 

Both results depend on the following lemma. Recali that we defined V(q) to be 
the set of faces of Q such that q € Qf for q e ZQ. The complex V(g) v is defined by 
turning the face poset of V(q) upside down. It is a subcomplex of the polytope V v 
polar to V. Since V is a simplex, the same holds for V y . So V((/) v is a simplicial 
complex whose vertices correspond to the facets of Q. A minimal non- face of a 
simplicial complex A is a minimal face of the ambient simplex that is not a face of 
A. 

Lemma 6.3. Let Q be a simplicial affine monoid, q G 7LQ and i > 2. The (i — Vj- 
dimensional minimal non-faces of V((/) v correspond to the (d — i)-* dimensionai 
families of holes containing q. 

Proof. For q G ZQ let V(g) denote the set of faces F of Q such that q e Q F . We 
claim that V(q) has a unique minimal element. For this, we write T> for the set 
of facets F of Q such that o~ F^q) > and we write T< for the set of facets F such 
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that &F(q) < 0. Our candidate for the unique minimal element is the intersection 
G of the facets in J~> . This is indeed a face because Q is simplicial. If p £ int G 
is an interior element, then by construction o~f{p) > for ali F in J- < . Therefore 
q + mp G Q for to S> and hence q £ Q G . 

On the other hand, let G' be a face sudi that q G Qg 1 - Then there exists an 
element g € G' such that q + g £ Q. It follows that crp(g) > for ali i* 1 G J- < . 
Hence G is not contained in any facet in J 7 < and can therefore be written as an 
intersection of facets in F>. It follows that F C G. 

We now turn the face lattices of V(q) upside down. Because V(g) has a unique 
minimal element, V(q) v is isomorphic to the complex of faces of a simplex. In 
particular, the minimal non- faces of V(g) v as a subcomplex of V v are only vertices. 
Now V(g) v is a simplicial subcomplex of V(g) v . Its minimal non-faces inside V(g) v 
correspond to the maximal faces F such that q G Q F \Qf- These are exactly the 
families of holes containing q. So the minimal non-faces of V(g) v as a subcomplex 
of V v correspond either to the families of holes containing q or they are vertices 
(these come from the minimal non-faces of V(g) v inside P v ). □ 

Proof of Propositìon 6.1. By Theorem 4.3, Serre's condition (S2) implies that ali 
families of holes have *dimension d — 1. So V(q) v is a simplicial complex with 
only 0-dimensional minimal non-faces for every q G 1Q. In other words, V(q) v is 
either a simplex or empty. So the only possible (reduced) homology lies in degree 
— 1. By (5), this amounts to saying that ff^(fc[Q]) = for i < d, so k[Q] is 
Cohen-Macaulay. □ 

Proof of Propositìon 6.2. Every q G ZQ is contained in at most one family of holes. 
Hence V(g) v is a simplicial complex with only one minimal non- face of positive 
dimension. This is either a ball of a sphere. Evaluating (5) then yields the result. 

□ 

If Q is simplicial, then by Propositìon 6.1 the Cohen-Macaulayness of k[Q] does 
not depend on the ficld k. So one might wonder if the same holds more generally 
for the *depth of k[Q]. However, this is wrong. We construct a counterexample 
below in Propositìon 6.13. 

6.2. Seminormal affine monoids. In this subsection, we apply our results to 
seminormal affine monoids. This way we reprove and extend some results of [1]. 
Recali that an affine monoid Q is called seminormal if 2q, 3q G Q implies q G Q 
for q G 1Q. Equivalently, for every q G Q \ Q, the set { m G N | mq G Q } is 
contained in a proper subgroup of Z. First, we give a geometrie characterization of 
seminormality that is similar in spirit to the characterizations given in [ , p. 66f]. 

Propositìon 6.4. Let Q be an affine monoid. Q is seminormal if and only if for 
every family of holes "LF + q it holds that q G M.F. 

Proof. First, assume that the condition in the statement is satisfied. Consider a 
family of holes ZF+q. Since q G Q\Q, there exists an to G N such that mq G Q. By 
our assumption, it holds that mq G F and therefore jmq + q G Z_F + q(~\Q C Q\Q 
for every j G N. It follows that either 2q £ Q or 3q ^ Q. Thus, Q is seminormal. 

On the other hand, assume there is a family of holes ZF + q such that q g" M.F. 
Then there exists an element p G 1*F + q such that p G int G and p ^ G for some 
face G D F. Thus Q is not seminormal by [ , Propositìon 2.40]. □ 
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Corollary 6.5. Localizations of seminormal affine monoìds are again seminormal. 

Proof. This follows from Proposition 6.4 and the description of the families of holes 
of a localization given in Proposition 3.10. □ 

Corollary 6.6 (Corollary 5.4, [3]). Let Q be a seminormal positive affine monoid 
of dimension at least 2. Then depthfc[Q] > 2. 

Proof. If Q is positive, then the minimal face Fq contains only the origin £ ZQ. 
By Proposition 6.4 every 0-dimensional family of holes would be contained in RFq = 
{ } C Q, so there is no 0-dimensional family of holes. Hence the claim follows from 
Theorem 4.3. □ 

This result is not valid if one omits the requirement that Q is positive. For 
example, consider Q C Z 3 defined by 

Q = { (x, y, z) £ 1? | x, y > 0, z even ora;>0or?/>0} 

This monoid is seminormal, has *dimension 2 and has a 0-* dimensionai family 
of holes, namely the odd points in the z-axis. So it has *depthfc[Q] = 1 by 
Theorem 4.3. 

Next we give a preliminary characterization of seminormality. Geometrically, we 
show that the graded components of the locai cohomology of a seminormal affine 
monoid are, in a certain sense, Constant on rays from the origin. 

Lemma 6.7. An affine monoid Q is seminormal if and only if it satisfies the 
following condition: For every q £ ZQ there exists a positive m £ N such that 
for every j G N and every i £ N it holds that H^ n (k[Q]) q = H^i^lQ]) (i+mj)q ( as 
k-vector space). 

Proof. Assume that Q is seminormal and fix an element q £ ZQ. We will hnd an 
to £ N such that V(q) = V((l + mj)q) for every j £ N. This implies our claim by 
(5). First, note that q £ Qf implies mq £ Qf for every to £ N. Similarly, q fi Q F 
implies mq fi Q F for every to £ N. So it remains to show the following: There 
exists an to £ N, such that for every face F such that q £ Q F \Qf and every j £ N 
it holds that (1 + jm)q £ Q F \ Qf- For this, consider a face F of Q such that 
q £ Q F \ Qf- By Corollary 6.5, the localization Qf is seminormal and thus the set 
{ m £ N | mq £ Qf } is contained in a proper subgroup of Z. Since there are only 
hnitely many such faces, we can choose an to in the intersection of these subgroups 
(for example, the product of the generators) . Then 1 + jm is not contained in any 
of these subgroups for every j £ N. Whence our claim follows. 

For the converse, assume that Q is not seminormal. Let IF + q be a family 
of holes such that q fi M.F. Then there exists a facet G D F of Q such that 
aciq) > 0. By Proposition 5.4, we can find an p £ ZF + q such that H^(k[Q]) p ^ 
for i = *dimF + 1. Now the sequence pj := (1 + mj)p for j = 0, 1, . . . satisfies the 
hypothesis of Lemma 5.6, so we conclude that H^(k[Q}) p = 0, a contradiction. □ 

With a little more case, one can show that the to in the preceding lemma can be 
chosen independently of q. 

Corollary 6.8 (Prop. 4. 14, [3]). Let Q be a seminormal affine monoid and assume 
that Hl n {k[Q]) q ^ for some q £ ZQ and i ^ 1. Then rankfc[F ] i?^(fc[Q]) = co. 
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The requirement that i ^ 1 is essential, because iJ^(fc[Q]) has always finite rank. 
However, if Q is seminormal and positive, then the first locai cohomology always 
vanishes by [3, Corollary 5.4] (resp. Corollary 6.6), therefore in this situation one 
needs no assumption on i. We extend the characterization of seminormality given 
in Theorem 4.7 of [ ]. 

Theorem 6.9 (Thm. 4.7, [ ]). Let Q be an affine monoid. The following state- 
ments are equivalent: 

(1) Q is seminormal. 

(2) H^(k[Q]) q = for ali q G 7LQ such that q £ —Q and ali i. 

(3) H^(k[Q]) q — for ali q G 1Q such that q ^ — Q and ali i such that Q has 
an (i + Y)-* dimensionai family of holes. 

Note that the third condition generalizes Theorem 4.9 in [ ]. 

Proof. 1) 2) Let Q be seminormal and let q G %Q. By Lemma 6.7, there exists 
a positive integer m such that H^(k[Q]) q = H^(k[Q])^i +m j-) q for every i and every 
j E N. If q $ —Q, then the sequence qj := (1 + mj)q satisfies the condition of 
Lemma 5.6, so we conclude that if^(fc[Q])«j = 0. 

2) 3) This is obvious. 

3) 1) Assume that Q is not seminormal. Then, by Proposition 6.4, there is a 
family of holes IF + q of Q such that q ^ M^o-F. There exists a facet G containing 
F such that o-c(q) > 0. By Corollary 5.5, there exists an element p € ZF + q such 
that Hl x {k[Q]) p ^ where i — *dimF + 1. The linear form ac is Constant on 
ZF + q, so ac(p) > and hence p ^ — Q. □ 

There are analogues of Proposition 6.1 and Proposition 6.2 for the seminormal 
case. However, for the characterization of Cohen-Macaulayness, we need an addi- 
tional assumption, namely that Q is simple. Recali that an affine monoid is called 
simple if its face lattice is isomorphic to the face lattice of a simple polytope. Equiv- 
alently, Q is simple if every localization Qf for F ^ Fq is simplicial (since vertex 
figures of simple polytopes are simplices, [22, Prop. 2.16]). The following result 
appeared in [.'->, Corollary 5.6] with the additional assumption that Q is positive. 

Proposition 6.10. Let Q be a simple seminormal affine monoid. If Q satisfies 
Serre's condition (S2), then k[Q] is Cohen- Macaulay. 

Proposition 6.11. Let Q be a seminormal affine monoid. If the famìlies of holes 
of Q are pairwise disjoint, then the *depth of k[Q] equals one plus the smallest 
*dimension of a family of holes. 

The proofs proceed analogously to the simplicial case, once we have shown the 
following fact: 

Lemma 6.12. Let Q be an seminormal affine monoid, q G —Q. Let V(q) denote 
the set of faces of Q such that q £ Q F . Then V(g) has a unique minimal element. 

Proof. The claim is a statement about Q, so we may assume Q — Q. There exists 
a unique face F such that q G — intF. Evidently q G Q F . We show that this F 
is the unique minimal element. So let G be a facet of Q that does not contain F. 
Then ctf(<?) < and hence q ^ Qg- The same holds then for every face contained 
in G. If follows that every face G G V(q) is contained only in those facets that 
contain F. Hence, F is the unique minimal element of V(g). □ 
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Now the proof of Proposition 6.11 is completely analogous to the proof of the 
simplicial case. To prove Proposition 6.11, note that V(<7) v is in general a polytope. 
Removing vertices from the boundary complex of a polytope may indeed create 
homology. However, if Q is simple then V(q) v is a simplex, so we may again 
proceed analogously to the simplicial case. 

We would like to point out an alternative way to derive Proposition 6.10 from 
Proposition 6.1. One needs Proposition 6.1 in the non-positive setting for this 
argument. Assume that Q is simple, seminormal and satisfies (S^)- Then every 
localization of Q is simplicial and satisfies (62), hence every localization is Cohen- 
Macaulay. In this case, ali locai cohomology modules H* n (k[Q]) for i < d havc finite 
length (cf. [ , Appendix, Prop. 16]). But Q is seminormal, so Proposition 4.14 in 
[3] (resp. Corollary 6.8) implies in this case that H^(k[Q]) vanishes for i < d. In 
other words, k[Q] is Cohen-Macaulay. 

6.3. Dependence on the characteristic. We have seen in that if Q is cithcr 
simplicial or seminormal and simple, then the Cohen-Macaulayness of k[Q] does 
not depend on the field k. In contrast to this, the following construction shows that 
in both cases the *depth of k[Q] can depend on the characteristic. As a notation, 
for q = (qi, ...,%) £ N d , we write suppq = { i 6 [d] \ qi ^ } and degg = J2i li- 
For background information on Stanley- Reisner rings, see Chapter 1 of [13]. 

Proposition 6.13. Let A be an simplicial complex in the vertex set [d] with 
Stanley- Reisner ring k[A]. Then there exists a seminormal simplicial positive affine 
monoid Q — Q(A) of dimension d such that 



for 1 < i < d — 1. If A is acyclic, then depth k[Q] = dcpthfc[A] + 1. 

If A is the cone over the triangulated projective piane, then this yields an example 
of a seminormal simplicial affine monoid whose *depth depends on the characteris- 
tic. 

Proof. We construct Q as a submonoid of N rf . Let Q be the set of ali clcmcnts 
q G N d such that either suppg ^ A or degq is even. One can verify directly that 
this is a seminormal simplicial positive affine monoid. We identify the faces of Q 
with the subsets of [d]. The families of holes correspond then to the facets of A. 

Next we compute the locai cohomology. Let q G 7LQ such that H^(k[Q]) q ^ 0. 
By Theorem 5.3 it follows that degg is odd and suppg e A. In particular, q G 
— mtF for a unique face F G A. The set V(g) contains the faces containing F 
that are not in A, in other words V(q) = {G C [d] \ F C G,G \ F lk A F }. Here 
lk A F = {GC[rf]|GnF = B,f UGeA} denotes the link of F in A. It follows 
that V(g) v equals the Alexander dual of the link of F. Using (5), Alexander duality 
([13, Theorem 5.6]) and Hochster's Formula ([ , Theorem A. 7. 3]), we compute 



Here, \F\ denotes the number of vertices of F, so d — \F\ is the number of vertices 
of Uca-F. In particular, it follows that depth k[Q] > 1 + depth k [A], 




(k[A]) q ifdegq is odd and suppg G A; 
otherwise 



Hl(k[Q]) q = H^-iWqy) 

= H d -^-^-\\k A F) 
= H^\k[A]) q . 
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Now assume that A is acyclic. If 1 (fc[A]) ^ 0, then by Hochster's formula 
there exists a face F C [d], such that JÉP _ ' F ' _2 (lkA.P 1 ) ^ 0. Because A is acyclic, 
it holds that F ^ 0. So we can find an element q e — int F with odd degree. 
By above computation, it holds that H^(k[Q]) q = iP~' F '~ 2 (lkA-F) / and thus 
depth k[Q] < 1 + depth k [ A] . □ 

7. Additional results 
In this section, we list some additional results. 

7.1. Intersection of localizations. In [ ] and independently in [11] a combina- 
torial criterion for Serre's condition (S2) is given. Namely, the monoid algebra ring 
k[Q] satisfies Serre's condition (S2) if and only if 

(6) Q= f| Qf. 

F facot of Q 

We give a direct proof that this condition is equivalent to our criterion for (S2) in 
Thcorcm 4.3. It follows from the more general 

Proposition 7.1. For < i < d — 2 it holds that 

(7) fi QfQ f| Q F . 

FEF, Fe^+i 

The inclusion is strict if and only if there exists a family of holes of *dimension i. 

Proof. The inclusion is obvious, because F C G implies Qf Q Qg- So we need 
only to prove the case of equality. If the inclusion is strict, then we can chose an 
element q of the difference. For this q, there exists a i-* dimensionai face F with 
q £ Qf, but q G Qg for every face G D F. By Lemma 3.1, this implies that pp is 
a minimal prime over the annihilator of x 9 . Thus is associated by Theorem 3.8. 

On the other hand, assume there is an z-*dimensional associated face F. Then 
there exists a monomiai x 9 e A;[Q]/fc[Q] with annihilator pp, in particular q ^ Qp. 
Since pp ^ pG for ali faces G of *dimension i + 1, it follows from Lemma 3.1 that 
G + q Q \ Q and thus q € Qg for ali (i + l)-*dimensional faces G. Hence, q is 
contained in the right-hand side, but not in the left-hand side of (7). □ 

Note that Q = Qf = CìFeF Q p ' Therefore Q satisfies (6) if and only if ali 
associated faces are facets. Let us add some remarks here. There is a chain of 
inclusions 

(8) QC p| Q f Q p| Q f C...C f] Q F CQ . 

This chain of inclusions gives rise to a similar chain on the algebra k[Q] and 
also on the quotients modulo k[Q]. It yields a filtration of fc[Q]/A;[Q] that turns 
out to be the dimension filtration, as defined in [ ]. It follows that if the k[Q]- 
module k[Q]/k[Q] is sequentially Cohen-Macaulay, then *depth of k[Q]/k[Q] equals 
the smallest non-zero component in the filtration. In view of Proposition 4.1, this 
means that the *depth of k[Q] is one more than the smallest *dimension of a family 
of holes. 
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7.2. The biggest family of holes. We have seen that the smallest *dimension 
of a family of holes gives an upper bound for the *dcpth. Moreover, in some cases, 
equality holds. As a supplement to this, we give an interpretation of the greatest 
*dimension of a family of holes. 

Proposition 7.2. Let Q be an non-normal affine monoid. The following numbers 
are equal: 

(1) The maximal *dimension of a family of holes ofQ. 

(2) The minimal *dimension j, such that ali localizations Qf at faces of *di- 
mension strictly greater than j are normal. 

If Q is homogeneous, then this number equals the degree of the differenze between 
the Hilbert polynomials of k[Q] and k[Q]. If Q satisfies {Ri), then this number 
equals the maximal i < d — 1 such that H^ 1 (k[Q]) ^ 0. 

See [19, Theorem 13.12] for a variant of this result (stated without proof). 

Proof. The first claim is immediate from Proposition 3.10. For the statement about 
the Hilbert polynomials, note that the mentioned difference is just the Hilbert 
polynomial of k[Q)/k[Q]. The statement about the locai cohomology follows from 
Theorem 5.3 and Proposition 5.4, or more directly from the exact sequence in the 
proof of Proposition 4.1. □ 

7.3. Regularity of seminormal affine monoids. Let Q be an affine monoid 
which is homogeneous, i.e. ali elements of the Hilbert basis of Q are contained in a 
common affine hyperplane. In this case k[Q] carries a naturai Z-grading such that 
ali generatore are of degree 1. The Castelnuovo-Mumford regularity is dcffned as 

reg k[Q] := max {i + j\ H l m (k[Q}) 3 ? } 

If q € Q is an element in the interior of Q, then it is known that H^(k[Q])-g ^ 0. 
This gives us a lower bound on the regularity: If m 6 N denotes the smallest degree 
of an interior element of Q, then regfc[Q] > d — m. 

In the case that Q is seminormal, it was aheady noted in [ il, Remark 5.34] that 
the locai cohomology vanishes in positive degrees. This implies that regfc[Q] < d. 
We get a slightly stronger bound from Theorem 4.7 of [3] (resp. Theorem 6.9), 
namely the locai cohomology vanishes in ali non-negative degrees. Thus we get the 
following bound on the regularity: 

Proposition 7.3. Let Q be a homogeneous seminormal affine monoid of dimension 
d. Then regfc[Q] <d—l. If Q contains an element of degree 1 in its interior, then 
equality holds. 

This generalizes the bound for the normal case in [19, Theorem 13.14] and the 
bound for the seminormal simplicial case in [14, Theorem 3.14]. A famous open 
conjecture in commutative algebra is the Eisenbud-Goto conjecture: 

Conjecture 7.4 ([5]). Let S be the polynomial ring with the standard grading and 
let I C S be a homogeneous prime ideal. Then 

reg S/I < mult S/I - codim S/I 

where mult is the multiplicity and codim is the codimension. 

Theorem 7.5. Let Q be a homogeneous affine monoid. If Q is seminormal and 
contains an inner point in degree 1, then Conjecture 7.^ holds for k[Q]. 
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Proof. Let d be the dimension of Q. By the discussion above, we know that the 
regularity of k[Q] is d— 1. We may assume that QCZ d and ZQ = Z d . Lct V be the 
convex hull of the elements of degree 1 of Q. So V is a (d — l)-dimensional convex 
polytope. The multiplicity of k[Q] can be computed as the normalized volume of 
V (cf. [] , Theorem 6.54]). Finally, the codimension of k[Q] is n — d, where n is the 
number of generators of Q. Since every generator of Q has degree 1, n is bounded 
above by the number of lattice points in V . So the claim follows from the following 
geometrie proposition. □ 

Proposition 7.6. Let V C R d_1 be a polytope with integrai vertices and a lattice 
paini in its interior. Let N be the number of ali lattice points in V . Then the 
normalized volume of V is at least N — 1. 

Proof. Let p be an inner lattice point in V . By Carathodory's Theorem, p lies 
in the convex hull of d other lattice points of V . Every [d — l)-subset of these 
lattice points together with p forms an lattice simplex. Since every lattice simplex 
has normalized volume of at least 1, the convex hull of the d lattice points has 
normalized volume of at least d. Now we add the other lattice points of V, one 
after the other. Every time, we get at least one new simplex in the convex hull, to 
the normalized volume increases by 1. If the number of lattice points in V is N, 
then the normalized volume is at least d + (N — d — 1) ■ 1 = N — 1. □ 

The conclusion of Proposition 7.6 does not hold without the assumption on the 
existence of an inner point. For example, the triangle with vertices (0, 0), (1, 0), (0, 2) 
in the piane has four lattice points, but the normalized volume is only 2. So this ap- 
proach cannot be used to prove Conjecture 7.4 for more general seminormal affine 
monoids. 
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